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I Graphical Representations

It Is a family of probability distributions defined In
terms of a directed or undirected graph. The nodes
In the graph are identified with random variables,
and joint probability distributions are defined by
taking products over functions defined on
connected subsets of nodes.

Michael |. Jordan
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I Algebraic vs. Graphical

Algebraic Graphical
P(x) ()
P(x|y) CO—()
(%%, 1Y)
P(X| Y1, Y,)
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I Joint distribution
D
p(z1,...,zp) = || p(z;|pa;)
1=1

where pa; denotes the parents ofnode |
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I Benefits from Graphical Representation

7

A graphical model represents all the Conditional
iIndependence) properties by graphical structure.

A graphical model describes a generating process
over random variables.

A graphical model can be easily expressedby the
algebraic form, as follow

D
p(z1,...,zp) = || p(zi|pa;)
i=1

2009/2/26 HP Labs, Han Xiao

nnnnnn



I Progress

Overview for the Graphical Representation
Introduction to Generative Model

Markov Chain Monte Carlo: Gibbs Sampling
Stateof-art Models

Summary

8 2009/2/26 HP Labs, Han Xiao

nnnnnn



I Generative Model

Generative probabilistic models are random
sources that can generate sequences of samples
according to some probability distribution

Example: a dice
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I Dice Model: Generating Process

The model describes the process of throwing the
dice and observing the outcome.

Ob v i ou s Imultinonnia ddssibuon.

The generating process can be described as:
Sample a number by throwing the dice
Or, draw a outcome from Multinomial distribution D
Or, x~D(a:,az,as,a4,as,as)
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I Dice Model: Graphical Representation

latent
observed

observed @4 @ @

observed observed
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Dice Model: Joint Probability

12

P(X |D)=Q P(x | D)
@ ~
P(X,D)=Q P(x | D)P(D)

N

As we already known P(x | D) Is a multinomial distribution

So, what is P(D) ? Who generates D?

P(D) is the probability of current parameters. It can be generated by a
Dirichlet prior for multinomial. Dirichlet distribution is also the
conjugate prior of multinomial
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I Conjugate prior

n Bayesian probability theory, a class of prior
orobabllity distributionsp ( lj) 1 s sai d
De conjugate to a class of likelihood

functionsp(x | )ljf the resultingposterior
distributionsp(lj | »are in the same family asp ( 1] )

A conjugate prior is an algebraic convenience:
otherwise a difficult numerical integration may be
necessary. SeeGibbs Sampling for details.
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I Completed Graphical Representation
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I Back to Dice Model

Now | etdos consi der a con
we have two dice: Dice A, with the usual faces
1through 6 (A =(1,2,3,4,5,6)) and dice B, which

has ones on all faces (B =(1,1,1,1,1,1)).

We do the following steps:

Pick a dice randomly.
Sample a number by throwing the chosen dice
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Mixture Model
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If there are some hierarchical structure In
generative process, we call it a mixture model.

The generating process can be described as:

Draw a outcome form binomial B
Draw a outcome from the selected MultinomialDi

Or, I~binomial (d1,d2)

x~Di(a1,aiz,ai3 ,dis,Ais, aie)
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I Difference between two models

Sampling from a single dice

Sampling with repeated choice of dice

—©
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I Mixture Model: a Complete one

The complete graphical model should end with a
conjugate prior on parameters.

-0
oo,
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I Complete graphical representations

A complete graphical representations could help
us modeling the generating process in details.

How to check it?

-----

N

should be conjugate
prior/ hyperparameters

However, parameters of the model are often
omitted, for simplicity.
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Language Model: A generative process

Unigram Model Probability

/N

\ Vocabulary
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Unigram model

Generating Process

For each documentd in corpus

For each word in document ¢
Draw w di from multinomial 2

@

All documents in the corpus share one topic

N
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Mixture of unigrams

Toplc 1 Probability
N\
. Vocabulary
P TOpIC 2 Probability
/W\) - /

.

Vocabulary
Probability

Corpus

3

Vocabulary

documents
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Mixture of unigrams

23

For each documentd in corpus

Draw a topic z» from multinomial &
For each word in document d
Draw w di from multinomial / zs

e T@

Each document has only one topic
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LDA (D.Blei 2003)

Each document has multiple topics (a multinomial on topics)

TOpIC 1 Probability
ey N
o

W )

=3

@

Vocabulary

Probability

~

%2R
: o% |
‘. 24
5. ey
),
d

Vocabulary .
Probability
N
N corpus
’\/\ 1 \ doctopics
distributions

Vocabulary

topicwords distributions documents
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Latent Dirichlet allocation

For each documentd in corpus

Draw a multinomial distribution g »
For each word in document ¢
Draw a topic za/ from multinomial § o
Draw w ai from multinomial /'  zs

@ T
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Another view of LDA (1)

The whole corpus can be seen as a worddocument cooccurrence matrix.

Wit hout concept of oDocument 6, woadgdc) wor d

documents tgics documents
2.25 0.12 0.0$ ¢0.25 0.00g
& .37 0.33 0.2 7 20_37 0_293 4 05 Op
words €0.37 0.18 O.OO‘szordséo_37 0.00;;- topicsz 0.5 U
$0.00 0.21 0.43j €0.00 0.43( >
€0.00 0.21 0.43Y .00 043y
Zi
@ @O
I W T

Q]
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Another view of LDA (2)

Wit hout concept of oDocument 60, woadgdc) wor d

OT@——@
D) )| @),
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I LDA on whole corpus

a corpus
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lllustration

PROBABILISTIC GEMERATIVE PROCESS STATISTICAL INFERENCE
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Results

30

Topic 247 Topic 5 Topic 43 Topic 56
word prob. word  prob. word prob. word prob.
DRUGS .069 RED .202 MIND .08l DOCTOR .074
DRUG .060 BLUE .099 THOUGHT .066 DR. .063
MEDICINE .027 GREEN  .096 REMEMBER .064 PATIENT .06l
EFFECTS .026 YELLOW .073 MEMORY  .037 HOSPITAL .049
BODY .023 WHITE .048 THINKING .030 CARE .046
MEDICINES .019 COLOR .048 PROFESSOR  .028 MEDICAL .042
PAIN 016 BRIGHT .030 FELT .025 NURSE .031
PERSON 016 COLORS 029 REMEMBERED .022 PATIENTS .029
MARIJUANA 014 ORANGE .027 THOUGHTS .020 DOCTORS .028
LABEL .012 BROWN  .027 FORGOTTEN .020 HEALTH .025
ALCOHOL .012 PINK 017 MOMENT .020 MEDICINE .017
DANGEROUS .011 LOOK 017 THINK .019 NURSING .017
ABUSE .009 BLACK 016 THING .016 DENTAL 015
EFFECT .009 PURPLE .015 WONDER 014 NURSES .013
KNOWN  .008 CROSS 011 FORGET .012 PHYSICIAN 012
PILLS .008 COLORED .009 RECALL .012 HOSPITALS .011
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I Approximate Inference

Variational EM:
a solution to Maximum Likelihood problem
easy to monitor the converge
Better efficiency: OkDV)
(collapsed) Gibbs sampling:
a typical MCMC method for Bayesian inference.

Easy to understand and implement: directly follow the
generative process

Worse efficiency: O(kDW)
EXxpectation propagation
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I Monte Carlo

A dice example:

Throwing a dice once, what is the probability for
the number on face is odd?
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Gibbs sampling

34

Gibbs sampling is a stochastic optimization method. It is among a set of meth-
ods known as Markov Chain Monte Carlo. If we are using Gibbs sampling to
maximize a function P(X) = P(z;....,zp), we do not have to know the form of
P(X), but we must be able to draw samples from the full conditional probability

functions, P(xq4|X_g4) for all 1 <d < D.
The procedure of Gibbs sampling is as follows:

1. Randomly initialize current estimate X9 = {IEED:I: Cee IEE;_—?:I}.
2. Fort=1...T, where T is the specified number of iterations, do
e Ford=1...D,dozy’ ~ P(zaX}" ,_ . X3!0 1)

3. The estimate X is the average estimate of the last few iterations.
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I MUST knows on Gibbs sampling

MCMC? Markov Chain Monte Carlo

The joint distributions is unknown or difficult to
compute, while the full conditional distributions are
computationally feasible In this case, we use
Gibbs sampling.

Parameter estimation?
Burmin period
Slow convergence:curse of dimensionality
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I Gibbs sampling on LDA

Il n LDA, we sample the |
each 0 wfiomihe fullcgnditional
distributions as follows:

Zy, ~ P(z; |Z/disV\\7’a’b,pJ/)

We use collapsed Gibbs sampling by integrating
Py out.

Zy ~ P(zy ‘Zldi’V\V/’a’b)
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I Sampling Procedure

a corpus

22222222222

nnnnnn



Derivation of Gibbs sampling

How to get the full conditional distributions?

To check the complete derivation of Gibbs sampling,

Pl ease refer t o GiopsSampingni c a
Derivation for LDA and TO© av@ailable here)

Preparations for derivation:
Graphical representations
Conditional independence (dseparation/ Bayesball)
Multinomial and Dirichlet distributions
Euler integration
Gamma function
Patient& careful
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http://glatteis.blogbus.com/files/12354441480.pdf

I *Quick derivation

The full conditional distribution in LDA IS:
| |\
P(Zy | Z 4. Wa,0,p.))
By Bayesian Rule, we write It as:

c C P(ZW.a,b,p.y)
P | Z ';W1a1b’ ) = C
ZlZaWa 0.0 ) =0 G b py)

Since w,; is generated by z, , without z,there is
no way to consider w, . So the above can be

write as

C C , P
P(zy | Z g, W,a,0,p.y) A

nnnnnn
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I Directed Separation (d-Separation)

Read conditional independence directly from the
directed graphical model
D Separation

X, Y, and E are arbitrary non4ntersection sets of nodes

XL ¥ | Eifand only if every path from Xto Y is
blocked by E

58 ¢

E d-separates X and Y (ﬁﬁ]
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a Corpus

a document
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I *Quick derivation

By applying the d-separations on LDA, we can
factorize the joint distributions.

c C P(ZW,a,b,p.y)
P Z Z ',W1a1b! ] C C
( d|| di py) P(z}dl,V\\idl,a,bHO’y)

— P(Zdi’Wdi |a,b,pJ/)

Refer to LDA graphical representations, we can
again factorize the distributions into:

P(zg. Wy la, 0,0,y ) =P(Wy |z ,a)P(z | p, b)
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I *Quick derivation

Revisit our generating process, we drawz(a topic)
from a multinomial distribution pi(documenttopics
distr.), smoothed by Dirichlet prior beta, we got:

ndd-,zd- + bzd-
P(Zdllp’b): T — I

a. (nddi,z N bz)

We then draw w(a word) f_rom a multinomial
phi(topicwords distr.), smoothed by Dirichlet prior
alpha,

+a

Z4i,Wyi Wi

P(Wy |z ,a) = v

3 (n, ,+a,)
v=1 (ﬁﬁ]
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